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Abstract
The effective theory of rotating pion superfluid in the presence of domain-walls and vortices
is considered. We study the anomaly induced effects and the interplay between domain-wall and
superfluid vortex under rotation. The effective theory predicts an anomaly inflow for nonuniform
rotation. The microscopic picture which consists of fermionic zero modes propagating along the
vortices, will be used to justify the chiral effective theory results and explaining other phenomena
such as the cross-correlation between rotation and magnetic field. Then using gravitoelectro-
magnetic formalism the radial energy flow is obtained from another point of view. Finally we
consider the (1 + 1)-dimensional gravitational anomaly and the resulting thermal current flow on
the domain-wall.
1 Introduction
Recently rotating systems of quark matter under extreme condition have attracted much attention.
The motivation for current interest lies in recent reports on alignment of Λ hyperon polarization and
global angular momentum of noncentral heavy ion collision [1].
The topological current induced by rotation of matter is called chiral vortical effect (CVE). It was
originally concerned in astrophysical context for Dirac matter in rotating frame [2]. The chiral vortical
effect (CVE) was identified in chiral kinetic theory [7], qualitatively in holographic models [4–6] and
then in the anomalous hydrodynamic framework [3]. Here we consider relativistic chiral superfluids
with a spontaneously broken U(1) symmetry. Different methods are used to drive hydrodynamic theory
for chiral superfluids. One example is combined action of the chiral perturbation theory, which is the
low energy effective theory of QCD vacuum and the Wess-Zumino-Witten (WZW) term corresponding
to the chiral anomaly, to study the anomalous effect on the chiral superfluid hydrodynamics [8, 9].
Another approach, used here, relies on the connection between field theory topological defects and
anomalies. Our analysis of dense quark matter anomalies and defects under rotation is in line with
magnetic field case.
In analogy to the case of pion domain wall surrounded by a vortex ring in a magnetic field, we will
consider a domain wall surrounded by a superfluid vortex ring under rotation. First we give a short
review on dense quark matter in a strong magnetic field. Axial domain walls exist at very high densities
where instanton effects are suppressed [12]. The response of QCD ground state at finite baryon density
to a strong magnetic field was considered in [14, 15]. The triangle anomaly causes the coupling of
neutral Goldstone boson and magnetic field. There are induced anomalous magnetization and baryon
number surface density on axial domain wall under a backgroundmagnetic field. The magnetic field and
induced moment is oriented perpendicular to the axial domain wall, and at sufficiently high magnetic
fields the domain wall becomes locally and globally stable [14].
It is known that the above mentioned phenomenon can be understood in a different way by consid-
ering the axial domain wall to be bounded by an axial vortex, where anomaly induced charges on the
domain-wall can be related to the charges of vortex ring. The configuration is called a drum vorton,
which was first found in a nonlinear sigma model at finite temperature [28] and for dense matter in a
1
magnetic field in [15]. It was also shown in [15] that an axial vortex loop also carries angular momen-
tum by placing it inside a rotating quark matter. One can perform microscopic argument for current
on magnetic flux tubes at finite chemical potential which consists of propagating fermionic zero modes
on the tube. The microscopic argument complements the effective dense matter description. Also the
anomaly induced currents for domain walls bounded by vortices under magnetic field and interplay
between them as a manifestation of Callan-Harvey mechanism was investigated in [16]. Many of the
above considerations for domain walls and vortices in magnetic field can be applied to dense quark
matter under rotation, as will be done here. We will rely on hydrodynamic approximation to describe
rotating superfluid and its topological defects such as vortices.
As in the case with a background magnetic field, the same reasoning applies here for existence
of a domain wall surrounded by a vortex in rotating quark matter, i.e. the minimal surface area
surrounded by the superfluid vortex ring should form a domain-wall to minimize the energy cost
by topological winding. The stability and layered structure along with anomaly induced angular
momentum, baryon and isospin charges of pion domain walls in rotating dense matter was considered
in [23]. Superfluidity has been discussed for different phases of QCD and QCD-like theories. QCD-like
theories at finite baryon chemical potential and the resulting baryon superfluid was discussed in [17,18].
The pion superfluidity arises at finite isospin chemical potential and zero temperature [20] and a study
of simultaneous presence of baryon and isospin chemical potentials was performed in [19]. The pion
superfluidity induced by isospin chemical potential and the propagating fermionic zero modes along
the vortices was considered in [22]. Analogy between the fluid rotation and electromagnetic fields was
first emphasized in [13].
Our study of dense quark matter under rotation rely on two different viewpoints. The first descrip-
tion relies on treating the local velocity as an effective gauge field [22, 26]. The anomalies of theory
are obtained via triangle anomaly common to all systems put in a background U(1) gauge field. The
second method is to study the system using the curved metric of a rotating frame [23]. In this method
the anomalies of effective theory are obtained via anomaly matching. The microscopic theory gives a
complementary picture of effective theory. The previously obtained results from effective theory and
calculations based on propagating fermionic zero modes are in agreement. The microscopic theory is
used to explain the cross-correlated response between rotation and magnetic field.
We continue by studying the gravitational anomaly of (1+1)-dimensional vortex ring and the energy-
momentum current flow. Pure gravitational anomalies occur in 4k + 2 space-time dimensions, which
reflects a failure of reparametrization invariance [33]. The reparamatrization non-invariance means
nonzero covariant derivative for energy-momentum tensor, ∇µT µν 6= 0. We will show that the failure
of conservation law occurs for a non-uniformly rotating metric. The non-uniform rotation induces an
inhomogeneous gravitational field in the bulk which is needed for energy flux to the boundary. Then
as a manifestation of Callan-Harvey anomaly inflow, there would be an energy-momentum flow on the
domain-wall towards the boundary ring.
This paper is organized as follows: In Sec. 2 we will focus on the effective theory for pion superfluid.
The local velocity field will be treated as an effective gauge field and anomalies arising from triangle
anomalies. We discuss the implications of a domain-wall bounded by a superfluid vortex under rotation.
The main result is the existence of a radial energy flow due to nonuniform rotation. In Sec. 3 the
microscopic theory will be concerned as propagating fermionic zero modes on the vortex. Sec. 4 is
devoted to studying gravitoelectromagnetic formalism which confirm the previous result and shows
that the flow is a Hall type radial flow. We also comment on the peripheral Hall energy flow at the
edge of finite size domain-wall. Pure gravitational anomaly of two-dimensional vortex ring resulting
from a non-uniform rotation and consequent anomaly inflow from higher dimension, is the subject of
Sec. 5.
2 Anomalies in effective theory
The two-flavor chiral perturbation theory (ChPT) is characterized by triplet of pseudoscalar Nambu-
Goldstone bosons. It is concerned to study the dynamical effect of finite isospin chemical potential
which leads to pion superfluidity [12, 21]. In chiral perturbation theory the effective Lagrangian for
pion medium with nonzero isospin chemical potential is of the form
2
L = 1
4
f2piTr[D
µU(DµU)
†], (1)
where DµU = ∂µU− iµIδµ0(τ3U−Uτ3)/2, U is unitary matrix of pseudoscalar Nambu-Goldston boson
U = exp
(
iτaπa
fpi
)
(2)
The potential energy corresponding to Lagrangian (1) is given by
Veff (U) =
f2piµ
2
I
8
Tr[τ3Uτ3U
† − 1], (3)
so the vacuum of theory instead of U = 1 is described by U = eiτ3φ. The degeneracy of (3) on φ signals
the presence of a Goldstone boson. A fixed value of angle φ corresponds to spontaneous symmetry
breaking and it can be identified with the Goldston boson. Also the well-known time dependence of
superfluid phase is
Uvac = e
iτ3(µI t+ϕ(x)) (4)
To study vortices we rely on the hydrodynamic approximation. The hydrodynamics of a charged
superfluid incorporating the Goldstone field is worked out in [24]. We follow [15] to obtain effective
theory anomalous terms. The method is to put the system in background gauge fields and require the
effective theory to reproduce the anomalies of the microscopic theory. The quark chemical potential is
represented as the zeroth components of a fictitious vector gauge field Vµ. Then the coupling of quarks
to the local velocity field Vµ takes the following form
∂µjµ = − 1
4π2
ǫµναβVµνVαβ (5)
where Vµν = ∂µVν−∂νVµ, Vµ = µvµ with vµ = (1, ~v). As the isospin symmetry is spontaneously broken,
the low-energy dynamics then contain a NG boson ϕ, which is the U(1) phase of the condensate. The
effective low-energy description must respect the U(1) isospin gauge symmetry. Therefore, to have a
covariant derivative in the effective Lagrangian, the derivative ∂µϕ should always appear in conjunction
with Vµ [15]. From the condition of anomaly matching one can deduce that the effective Lagrangian
takes the following form
Lanom =
µ
8π2
ǫµναβ ∂µϕ VνVαβ (6)
so for the effective action we have
Sanom = − µ
8π2
∫
d4xǫµναβ ∂µϕ VνVαβ = −
∫
d4xVµj
µ (7)
where
jµbulk =
δSanom
δvµ
=
µ2
8π2
ǫµναβ ∂νϕ Vαβ (8)
We identified the velocity field as Vµ = µvµ with vν the local velocity and vorticity of the form
∂ivj − ∂jvi = 2ǫijkΩk, then the anomalous action (6) assumes the following form
Sanom =
µ2
8π2
∫
d4x Ω.∇ϕA (9)
This term accounts for anomaly induced angular momentum and isospin density on the domain-wall.
Another interpretation will be given later in terms of vortex zero modes. If there is no singularity in the
superfluid velocity field, the current defined in (8) is conserved (∂µj
µ
bulk = 0). But in the presence of a
vortex flux, which has a singularity in the superfluid velocity field, the current is no longer conserved
∂µj
µ
bulk 6= 0 (10)
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A vortex flux singularity leads to nonvanishing [∂µ, ∂ν ]ϕ, which otherwise would be zero. As explained
in the introduction in a rotating medium there would be stable pion domain-wall surrounded by
vortex flux. The vortex ring along the disc shaped domain-wall causes the above mentioned current
nonconservation and [∂i, ∂j ]ϕ = 2πδ
(2)(x⊥). Taking divergence of (8), we have
∂µj
µ =
1
8π2
ǫµναβVµν∂α∂βϕ (11)
Next, we explain that the bulk current non-conservation is cured by vortex zero mode contribution.
Eq. (8) yielding the induced anomalous charge as
j0bulk =
1
4π2
~Ω.~∂ϕ. (12)
and the spatial volume integration gives
Qbulk =
∫
d3x j0bulk =
µ
2π
∫
dxidvi =
µ
2π
∮
vortex
d2x Ω3. (13)
The zero mode contribution will be obtained in the next section and takes the following form
Qzm =
∫
d3x j0zm = −
µ
2π
∮
vortex
d2x Ω3. (14)
which cancels the bulk contribution (13). So the conserved total charge is the sum of bulk and zeromode
charges
Q = Qbulk +Qzm (15)
It is more interesting to study the anomalous current associated with Eq.(8), which takes the form
jrbulk = −
1
4π2
ǫrtθzVtθ ∂zϕ. (16)
The current exists for nonzero peripheral acceleration, Vtθ = ∂tvθ 6= 0, and this happens for a non-
uniform rotation. So it can be seen that a nonuniform rotation results in a (charge blind) radial energy
flow on the domain-wall. This conclusion will be confirmed using gravitoelectromagnetic formalism.
Here in analogy to the superconducting string case discussed in [29], we argue that the vortex
is superfluid ring. As the fluid starts to rotate the increase in angular velocity results in a linear
acceleration, (V01 = ∂tvθ ∝ Fθ 6= 0) where Fθ is the peripheral force field. The force field exist during
the finite period of non-uniform angular motion and vanishes for constant angular velocity. Although
the force field exist for a limited period of time, the current remains.
3 Microscopic Argument
In this section we give the microscopic picture based on zero modes. We follow [22, 27] with minor
differences and the same circular ring geometry as [16]. The fermion zero modes on vortex string can
be used to give another interpretation of the phenomena occur in domain-wall and vortex system. For
example as pointed out for the magnetically induced anomaly in [15], the domain-wall magnetization
can be interpreted as the magnetic field resulting from current on the surrounding vortex ring. In
an analogous way the domain-wall angular momentum density (??) can be interpreted as the angular
momentum of rotating fermions on the vortex string. The action of the system with coupling to local
velocity field is of the form
S =
∫
d4x ψ¯(∂µ + iVµ)ψ (17)
and the zeromode two-dimensional effective action with an effective coupling to the effective gauge
field, becomes
4
Szm =
∫
dtdϑ ξ¯[iγa(∂a + iµva)]ξ (18)
where a = 1, 2 is the longitudinal string coordinate, ϑ = rθ. Here ξ is the solution for free Dirac
eqaution and (∂0 ± ∂ϑ)ξ = 0 with plus sign for right-handed and minus sign for left-handed fermion.
As the local velocity is treated as an effective gauge field the (1+1)-dimensional theory has current
non-conservation of the form
∂αj
α
zm = −
1
2π
V01δ
(2)(x⊥)
= − 1
8π
ǫµναβVµνδ
(2)
αβ (x⊥) (19)
where in the second line the anomalous current has been rewritten in covariant form. The zero mode
non-conservation has exactly the same form as the bulk non-conservation equation, which can be seen
by taking divergence of (8)
∂µj
µ =
1
8π2
ǫµναβVµν∂α∂βϕ (20)
Combining equations (20) and (11) leads to the conclusion that sum of bulk and zeromode currents
are conserved.
∂µ(j
µ
bulk + j
µ
zm) = 0 (21)
The induced force field of previous section and the fermion zero modes can be used to give a microscopic
explanation for cross-correlation between rotation and magnetic field. In the case of superconducting
string discussed in [29], the induced electric field shifts the Fermi energies of left- and right movers in
opposite direction and results in an increase of chiral fermions directed along the electric field. Here
also there are equal number of right- and left-mover fermions in the ground state of superfluid vortex
ring. The induced force field accelerates for example, right-movers and so elevates the right-movers
Fermi energy and decelerates the oppositely moving fermions. The induced peripheral force field Fθ on
vortex ring is charge blind and results in an energy current. But for charged chiral fermions the energy
current can generate a magnetic field, which results in a cross-correlated response between rotation
and magnetic field discussed in [23].
4 Rotating Frame
Previous sections used the effective gauge field approach to study dense matter under rotation. In
this section dense quark matter will be studied using gravitoelectromagnetic formalism and coordinate
transformation to rotating frame. Using the same approach it was shown in [23] that a layered domain
wall structure is developed and the rotating domain wall develops an angular momentum and baryon
number density. So we do the same analysis for the domain wall surrounded by vortex ring in a
rotating frame. In previous section we discussed the radial energy current for a nonuniform rotation.
Here using the gravitoelectromagnetic formalism we obtain the radial energy flow is a Hall type current.
Cylindrical geometry is considered (r, θ, z) and the rotating metric tensor is of the form
ds2 = (1− r2Ω2)dt2 + r2dθ2 + r2Ωdθdt+ dz2 (22)
It can be seen from (22) that coordinates transverse to the vortex ring (r, z), are not affected by
rotation. The anomalous term for two-flavor QCD at finite isospin chemical potential for neutral pion
under rotation is
Lanom = µ
2
I
2π2fpi
∇ϕ.Ω (23)
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where the above term accounts for the angular momentum density and isospin number densities on
the domain wall with nonzero ∇π0
j =
µ2I
2π2fpi
〈∇ϕ〉, nI = µI
2π2fpi
〈∇ϕ〉.Ω, (24)
Now we discuss the radial current flow due to non-uniform rotation. There is also a peripheral anoma-
lous Hall energy current discussed in [23, 25], resulting from inhomogeneous chemical potential. We
discuss the relation between nonuniform rotation and radial energy flow in the gravitoelectromagnetic
formalism. The spacetime metric has the gravitoelectromagnetic form
dS2 = c2(−1 + 2φg
c2
)dt2 − 4
c
Ag.dxdt+ (1 +
2φg
c2
)dx.dx. (25)
The gravitoelectromagnetic fields are defined
Eg = −∇φg − 1
2c
∂
∂t
(Ag), Bg =∇ ×Ag, (26)
The first gradient term of electric field equation ∂µ(r)
∂r
r
r
is responsible for the anomalous Hall energy
current [23, 25]. We are interested here in the second term ∂Ag/∂t which gives a radial Hall energy
current. This peripheral gravitoelectric field results from accelerating or decelerating rotational motion.
In the electromagnetic case a growing magnetic field generates a peripheral electric field via Faraday’s
law. Here a growing angular velocity Ω(t), as can be seen from Eq. (22), results in ∂Ag/∂t = rΩ˙(t),
which is time derivative of peripheral velocity . The drift velocity for Hall effect is orthogonal to both
electric and magnetic field, i.e. jHall ∝ Eg × Bg. Then from Ag = rΩ = vθ, Eq.’s (24), (26) and
∂zϕ =
µ2
4pi4f2
pi
Ω [23] , a radial current is obtained as
jHall ∝ Eg ×Bg ∝ µ
2
4π4
∂tvθ ∂zϕ θˆ × zˆ (27)
For exact equality of the above relations one needs to introduce other parameters such as density of
particle in moving frame, which we ignore for simplicity. Eq. (27) is structurally the same as the term
obtained from effective approach(16). So in gravitoelectromagnetic formalism the radial flow is Hall
type energy current. Here we add some comments on the gradient term of electric field in (26), which
gives rise to anomalous Hall energy current for inhomogeneous chemical potential under rotation. For
an unlimited domain-wall with homogeneous chemical potential there would be no Hall energy current.
But for the case of a limited domain-wall, there will be always an energy Hall current. This is because
a nonzero angular velocity induces a charge density on the disc shaped domain wall. So even for
homogeneous chemical potential under rotation, a sharp change would occur at the edge. This sharp
change yields a radial chemical potential gradient which results in peripherally induced Hall energy
current at the domain-wall edge [23, 25].
5 Gravitational Anomaly Inflow
In this section we discuss gravitational anomaly and thermal Hall effect on domain wall resulting from
a non-uniform rotation. The starting point is an effective action for (1 + 1)-dimensional fermion zero-
mode coupled to background gravitational field. Anomaly results from non-invariance of the fermion
determinant under general coordinate transformation [30, 33]. As discussed in [32] a surface energy-
momentum flow to the boundary edge Hall current cannot occur in the presence of a uniform bulk
gravitational field. The energy-momentum flux is proportional to the gradient of Ricci tensor. We will
show that Ricci tensor for (1 + 1)-dimensional boundary with non-zero gradient exists for an acceler-
ated rotation. The boundary gravitational anomaly and the domain-wall surface energy-momentum
flux are related via the Callan-Harvey inflow mechanism i.e. a gravitational ”Hall effect”. In the case
of a uniformly rotating quark matter there is no energy-momentum flow due to gravitational anomaly
because of zero gradient Ricci tensor. The Ricci scalar for a rotating frame is [31]
6
R =
−6Ω2
(1− r2Ω2)2 (28)
A nonvanishing gradient of Ricci scalar of (1 + 1)-dimensional boundary theory is possible only for
a time dependent angular velocity Ω(t). The gravitational anomaly is the failure of the covariant
conservation law for energy-momentum tensor and for a general (1 + 1)-dimensional theory is of the
following form [32]
∇µT µν = i c
96π
1√
|g|ǫ
νσ∂σR (29)
where the only nonzero derivative of Ricci scalar is
∂tR =
12
(
Ω(t) + r2Ω(t)3
)
(1− r2Ω(t)2)3 Ω˙(t) (30)
Following [32], the metric tensor of the rotating frame on the domain wall disc can be written in the
form
ds2 = dr2 + gab(t, R)dx
adxb (31)
the boundary is at r = R. Then the Ricci tensor coincides with the two-dimensional boundary Ricci
tensor, and can be written
Rab = δ
a
bR(t), a, b = t, θ (32)
The time derivative of Ricci tensor in non-uniform rotation Ω(t) gives the following flux of θ-component
energy-momentum tensor flow into the boundary vortex ring at R
T rθ =
c
96π
1√
g
ǫrθt∂tR (33)
This energy-momentum inflow into the boundary ring precisely accounts for the 1+1-dimensional
gravitational anomaly of Eq. (29). So as a result of above discussion, there would be a radial energy-
momentum inflow or outflow in the period of non-uniform rotation and the flow stops for uniform
rotation.
6 Conclusions
We considered pion superfluid under rotation, with superfluidity induced by isospin chemical potential.
It is known that there exists stable domain-walls in rotating pionic medium. We argued that the
vortex ring surrounding the finite size domain-wall is a superfluid ring and studied anomaly induced
phenomena in this system. The method used to obtain the triangle anomaly of effective theory relies
on treating the local velocity field as an effective gauge theory. Anomaly induces angular momentum
and isospin charge density on the domain-wall. We showed that in presence of the vortex ring the
domain-wall charges can’t be conserved alone, and the sum of domain-wall and vortex charges are the
conserved quantities. Then a radial energy inflow or outflow was detected for nonuniform rotation of
the superfluid. Then the consistency of the obtained results was shown to be in agreement with the
gravitoelectromagnetic formalism and coordinate transformation to a rotating frame metric. Also we
explained that a peripheral energy current always exists for a finite size domain-wall. We showed that
there is also a pure gravitational anomaly on the (1 + 1)-dimensional theory of boundary vortex ring.
This results in an anomalous radial energy-momentum flow towards the domain-wall boundary, as a
manifestation of Callan-Harvey anomaly inflow.
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